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We give a new proof that there exists a unique strongly regular
graph with parameters (81, 20, 1, 6). Unlike the finite geometry
approach used by Brouwer and Haemers, we use linear algebra
and spectral graph theory concepts, namely the technique of star
complements, in our proof.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V , E) be a finite, undirected, simple graph. For two vertices u, v, we write u ∼ v if they
are adjacent in G. The neighborhood N(u) of u is the set of neighbors of u. The closed neighborhood N[u]
is the set N(u) ∪ u.
The graph G is strongly regular with parameters (n, k, λ, µ) if G is k-regular on n vertices, such
that any two adjacent vertices have λ common neighbors, and any two nonadjacent vertices have µ
common neighbors. Obviously, in such a graph the neighborhood of each vertex induces a λ-regular
graph on k vertices.
Back in 1992, Brouwer and Haemers [1] proved uniqueness and described the structure of the
strongly regular graph with parameters (81, 20, 1, 6). They relied on the result of Cameron, Goethals
and Seidel [2] that there exists a unique generalized quadrangle GQ (3, 9). Here we give a self-
contained proof of the uniqueness of this graph using linear algebra and spectral graph theory, more
precisely the technique of star complements. This technique was developed by Cvetković, Rowlinson
and Simić in a series of papers (see, e.g., [3–7]).
Let ξ be an eigenvalue of Gwith multiplicitym. A star set for ξ in G is a set X ⊂ V (G) ofm vertices
such that ξ is not an eigenvalue of G − X , the subgraph of G induced by X = V (G) \ X . The graph
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Fig. 1. The star complement of G.
G− X is called a star complement for ξ in G. If X is a star set for an eigenvalue ξ 6∈ {−1, 0} of G, then X
is a location-dominating set in G, meaning that the X-neighborhoods of vertices in X are distinct and
nonempty [3].
The following theorem is known as the Reconstruction Theorem.




where AX is the adjacency matrix of the subgraph induced by X. Then X is a star set for ξ in G if and only
if ξ is not an eigenvalue of C and
ξ I − AX = BT(ξ I − C)−1B. (1)
Thus, if we know ξ , B and C , we can reconstruct the whole graph G. If we denote the columns of B
by bu (u ∈ X) and equate corresponding matrix entries in (1), we obtain the following
Corollary 2 ([6]). If X is a star set for ξ then 〈bu, bu〉 = ξ , for all u ∈ X, and 〈bu, bv〉 ∈ {−1, 0} where
〈bu, bv〉 = bTu (ξ I − C)−1 bv . If 〈bu, bu〉 = −1, then u ∼ v, and if 〈bu, bu〉 = 0, then u 6∼ v.
One cannowdefine the compatibility graphComp(C, ξ)having as vertices all (0, 1)-vectorsbwhich
satisfy 〈b, b〉 = ξ , with two vertices b′ and b′′ adjacent if and only if 〈b′, b′′〉 ∈ {−1, 0}. Then, for each
graph G that has G − X as a star complement for ξ , there is a clique in Comp(C, ξ) that completely
determines G.
Let us now turn our attention to the parameter set (81, 20, 1, 6). A strongly regular graph G with
these parameters has spectrum [20, 260,−720], where exponents denote themultiplicities. Let u be an
arbitrary, but fixed vertex of G. The closed neighborhood N[u] induces the windmill graph H = W 202
(see Fig. 1), with spectrum [5, 19,−110,−4]. AsH does not have 2 as an eigenvalue and it is an induced
subgraph of G on 21 vertices, we conclude that H is a star complement for eigenvalue 2 in G.
Label the vertices of H as in Fig. 1. Let Si = {ai, bi}, i ∈ {1, . . . , 6}, and Si = {ci−6, di−6},
i ∈ {7, . . . , 10}. Note that two vertices in each set Si are adjacent, and have u as a common neighbor,
implying that they do not have another common neighbor in G.
Each vertex v from the star set X = V (G) \ N[u] has exactly six common neighbors with u.
The vertex v does not have two neighbors in the same set Si, because then it would be the second
common neighbor for a pair of vertices from Si. It follows easily from Corollary 2 that the vertex v






13 440 possibilities for H-neighborhoods of vertices in X . These neighborhoods determine an induced
subgraph Γ of order 13440 in Comp(A(H), 2), where A(H) is the adjacency matrix of H .
Thus, to classify all (81, 20, 1, 6) strongly regular graphs it would be enough to enumerate all
cliques of size 60 inΓ and checkwhich of them yield a strongly regular graph. Instead of enumerating
all cliques, we first find a larger induced subgraph of G which contains H . These extra vertices in G
correspond to H-neighborhoods in Γ and determine a part of clique of size 60. As it turns out, it is
sufficient to expand H by four vertices only, whose H-neighborhoods belong to a unique clique of
size 60 in Γ . This unique clique will enable us to reconstruct the unique strongly regular graph with
parameters (81, 20, 1, 6).
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Table 1
A relation between ρuα,β and adjacency of v andw
α β Adjacency
2 1 v ∼ w
3 0 v ∼ w
3 3 v 6∼ w
4 2 v 6∼ w
5 1 v 6∼ w
6 0 v 6∼ w
2. A larger induced subgraph
In order to determine a larger induced subgraph of G, we define a few relations among the vertices
of G. We say that vertices v andw are in relation ρuα,β if
|{i|Si ∩ N(v) 6= ∅ ∧ Si ∩ N(w) 6= ∅}| = α and |N(v) ∩ N(w) ∩ N(u)| = β.
We now use Corollary 2 to prove
Proposition 3. Let v and w be two vertices from a star set X. Then v and w are in one of the six possible
relations ρuα,β where α and β are given in Table 1.
Proof. Let C be the adjacency matrix of H . The matrix (2I − C)−1 has the form
(2I − C)−1 = 1
18

−1 −1 −1 −1 −1 −1 −1
−1 11 5 −1 −1 · · · −1 −1
−1 5 11 −1 −1 −1 −1
−1 −1 −1 11 5 −1 −1




−1 −1 −1 −1 −1 · · · 11 5
−1 −1 −1 −1 −1 5 11

.
The vertex v has six neighbors in common with u and, without loss of generality, we may suppose
that bTv has the form































































From Corollary 2 we have bTv(2I − C)−1bw ∈ {−1, 0}. Suppose that w has x common neighbors
with v in S1, . . . , S6 and y common neighbors in S7, . . . , S10. We get bTv(2I − C)−1bw = (x − y)/3,
i.e., x− y ∈ {−3, 0}.
If v ∼ w then x ∈ {0, 1} and bTv(2I − C)−1bw = −1. This way, we have (x, y) ∈ {(1, 4), (0, 3)}
which gives (α, β) ∈ {(2, 1), (3, 0)} in Table 1, i.e., (v,w) ∈ ρu2,1 or (v,w) ∈ ρu3,0.
If v 6∼ w then bTv(2I − C)−1bw = 0, i.e., x = y. Since y ≤ 4, we have (x, y) ∈{(4, 4), (3, 3), (2, 2), (1, 1), (0, 0)}. As v and w have six common neighbors in total, we have
x + y ≤ 6, and so the case x = y = 4 is impossible. The remaining cases yield (α, β) ∈
{(3, 3), (4, 2), (5, 1), (6, 0)}. 
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Fig. 2. Neighborhood of vertex v.
This result is a starting point in our reconstruction of a larger induced subgraph of G. Let v be
an arbitrary, but fixed vertex from the star set X . It has six neighbors in N(u), and we may suppose,
without loss of generality, that N(u) ∩ N(v) = {a1, . . . , a6}. The degree of v in G is 20, and there are
14 other neighbors of v in G. Also, the subgraph induced by N(v) is the union of ten copies of K2. Since
there exists no edge between ai and aj, 1 ≤ i < j ≤ 6, N(v) has to look as shown in Fig. 2.
Now, let us consider vertices x1 and y1. Vertex x1 is adjacent to v, and so either (x1, v) ∈ ρu2,1
or (x1, v) ∈ ρu3,0. Vertices x1 and v already share a common neighbor y1, so they cannot have
another common neighbor in N(u). This means that (x1, v) ∈ ρu3,0. Therefore, vertex x1 has three
neighbors in the sets S1, . . . , S6, three neighbors in the sets S7, . . . , S10, and it has no neighbors in
common with vertex v in N(u). So, we may assume, without loss of generality, that N(x1) ∩ N(u) =
{b1, b2, b3, c1, c2, c3}.
We apply similar reasoning to vertex y1, and get (y1, v) ∈ ρu3,0. Since v is the unique common
neighbor for x1 and y1, we conclude that y1 is adjacent to vertices b4, b5, b6, and to three vertices from
the set of vertices {d1, d2, d3, c4, d4} (although y1 cannot be adjacent to both c4 and d4).
But x1 and y1 are adjacent and they have no common neighbors in N(u), so (x1, y1) ∈ ρu3,0. This
means that x1 and y1 share three common sets among S1, . . . , S10. This is possible only if y1 is adjacent
to vertices d1, d2 and d3.
Therefore, we get N(x1)∩N(u) = {b1, b2, b3, c1, c2, c3} and N(y1)∩N(u) = {b4, b5, b6, d1, d2, d3}
(see Fig. 3).
Similarly, we have (xi, v) ∈ ρu3,0, (yi, v) ∈ ρu3,0 and (xi, yi) ∈ ρu3,0, for each i ∈ {2, 3, 4}. We also
observe that each of the vertices x1, . . . , x4, y1, . . . , y4 has three neighbors in sets S7, . . . , S10, so that
N(xi) ∩ N(u) uniquely determines N(yi) ∩ N(u).
Proposition 4. Vertex y2 cannot have three neighbors in common with x1, or y1, in N(u) ∩ N(v).
Proof. Suppose that y2 is adjacent to vertices b1, b2 and b3. The only relation in Proposition 3 which
allows two vertices to have three common neighbors in N(u) is ρu3,3. So, (y2, x1) ∈ ρu3,3 and y2 has to
have exactly three sets Si in common with x1. However, since (y2, v) ∈ ρ3,0, y2 has three neighbors
in S7, . . . , S10. Vertex x1 also has three neighbors in S7, . . . , S10, and so x1 and y2 have at least two
common sets in S7, . . . , S10, which, together with S1, S2, S3, yields a total of at least five common sets
in S1, . . . , S10, a contradiction. 
Without loss of generality, wemay further suppose that y2 has two common neighbors with x1 and
one with y1 in sets S1, . . . , S6, namely b1, b2 and b4.
Proposition 5. Vertex y2 satisfies (y2, x1) ∈ ρu4,2 and (y2, y1) ∈ ρu3,3.
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Fig. 3. Neighborhoods of x1 and y1 .
Proof. Vertex y2 has three neighbors in the sets S7, . . . , S10, so it must have at least two sets in
common with x1 among them. Since y2 is adjacent to b1 and b2 it has two neighbors in common
with x1 in sets S1, . . . , S6. Thus y2 and x1 have at least four common sets Si and at least two common
neighbors in N(u), which, according to Proposition 3, means that (y2, x1) ∈ ρu4,2. Further, vertex y2
has two common sets with x1 in S7, . . . , S10, while it has no common neighbors with x1 in these sets.
So, it must have at least two neighbors in commonwith y1 in S7, . . . , S10. Along with b4, this makes at
least three neighbors in common with y1. Therefore, (y2, y1) ∈ ρu3,3. 
It follows from Proposition 5 that for each pair of vertices (xi, yi), where i ∈ {2, 3, 4}, we may
suppose that
(x1, xi) ∈ ρu3,3, (y1, xi) ∈ ρu4,2, (x1, yi) ∈ ρu4,2, (y1, yi) ∈ ρu3,3.
Now, for each i, j ∈ {1, 2, 3, 4}, i 6= j, we have (yi, yj) ∈ ρu3,3, and yi 6∼ yj. Vertices yi and yj have one
common neighbor in the sets S1, . . . , S6, and two common neighbors in the sets S7, . . . , S10. Also, they
have one common set among the sets S1, . . . , S6, and two common sets among the sets S7, . . . , S10.
Since yi ∼ v and yi ∼ xi, vertex yi has no neighbors in {a1, . . . , a6}.
Proposition 6. No three vertices from {y1, y2, y3, y4} have the same neighbor in the set B = {b1, . . . , b6}.
Proof. Suppose that vertices yi1 , yi2 , yi3 all have vertex bk as their common neighbor, for some
k ∈ {1, . . . , 6}. Each of the vertices yi1 and yi2 has three neighbors in B, and they have bk as a common
neighbor. This means that there is a single vertex bl in B that is not adjacent to yi1 or yi2 . Vertex yi3 also
has three neighbors in B, one of them being vertex bk. But vertex yi1 cannot have another neighbor in
common with yi1 or yi2 , so it can be adjacent only to bk and bl in the set B. This is a contradiction. 
Now, since six pairs of vertices from {y1, . . . , y4} all have different commonneighbor inB, and there
are four ways to choose three sets among S7, . . . , S10, we can, without loss of generality, suppose that
the H-neighborhoods of yi, i ∈ {1, . . . , 4}, are as follows:
bTy1 = (0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 0),
bTy2 = (0, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1),
bTy3 = (0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1),
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Fig. 4. Variables and negative pairs.
3. The reconstruction
It turns out that the H-neighborhoods of vertices from {y1, . . . , y4} are sufficient to reconstruct
the whole graph G. Let w be an arbitrary vertex from the star set X , w 6= yi for any i. The vector
bTw = (0, z1, z2, . . . , z20) satisfies
(i) zk ∈ {0, 1} for k = 1, . . . , 20,
(ii)
∑20
k=1 zk = 6, as it has six common neighbors with u, and
(iii) z2k−1 + z2k ≤ 1, for k = 1, . . . , 10, as it is adjacent to at most one vertex in each set Sk.
Since the vector bw is also a vertex of the subgraph Γ of the compatibility graph Comp(A(H), 2)
(defined in Section 1), it satisfies
σi = 〈bw, byi〉 ∈ {−1, 0}, i ∈ {1, . . . , 4}. (2)
Here
σ1 = 13 (−z1 − z2 − z3 − z4 − z5 − z6 + z8 + z10 + z12 + z14 + z16 + z18 − z19 − z20)
σ2 = 13 (z2 + z4 − z5 − z6 + z8 − z9 − z10 − z11 − z12 + z14 + z16 − z17 − z18 + z20)
σ3 = 13 (z2 − z3 − z4 + z6 − z7 − z8 + z10 − z11 − z12 + z14 − z15 − z16 + z18 + z20)
σ4 = 13 (−z1 − z2 + z4 + z6 − z7 − z8 − z9 − z10 + z12 − z13 − z14 + z16 + z18 + z20).
There are 16possible values of (σ1, σ2, σ3, σ4), but, due to symmetry,weonly have to consider number
of values σi that are equal to−1. Thus, in what follows, we examine the cases of (σ1, σ2, σ3, σ4) being
equal to (−1,−1,−1,−1), (−1,−1,−1, 0), (−1,−1, 0, 0), (−1, 0, 0, 0) or (0, 0, 0, 0).
To make the notation easier, we set vi = 3σi, for i ∈ {1, . . . , 4}, and pi(i1, . . . , ik) to be the value
of (v1, v2, v3, v4)when variables zi1 , . . . , zik are set to 1, and the remaining variables are set to 0.
Note that in each vi there are four pairs of variables (z2k−1, z2k) (1 ≤ k ≤ 10), that have negative
coefficients. We call (z2k−1, z2k) a negative pair of vi if z2k−1 + z2k = 1, and the expression for vi has
z2k−1 and z2k with negative coefficients. Fig. 4 shows the potential negative pairs of v1, . . . , v4.
There are no variableswith odd indices that have positive coefficient in any of the expressions. Also,
in each of the expressions for vi all of the variables with even indices appear, so setting a variable with
an even index to be equal to 1 affects all of the values v1, . . . , v4.
If vi = −3, then there are either three negative pairs in vi, and all variables from vi with even
indices are equal to 0, or there are four negative pairs, and a single variable in vi with even index is
equal to 1.
3.1. Case (σ1, σ2, σ3, σ4) = (−1,−1,−1,−1)
From v1 + v2 + v3 + v4 = −12 we get
−12 = −2(z1 + z3 + z5 + z7 + z9 + z11)− z13 − z15 − z17 − z19 + 2(z14 + z16 + z18 + z20).
Since only six of the values zi are equal to 1, the above equation is satisfied if and only if z1 = z3 =
z5 = z7 = z9 = z11 = 1. Thus, there exists only one vector bw in Γ in this case (note that actually
w = v).
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3.2. Case (σ1, σ2, σ3, σ4) = (−1,−1,−1, 0)
From v1 + v2 + v3 = −9 and v4 = 0 we get
−9 = −z1 + z2 − 2z3 − z4 − 2z5 − z6 − z7 + z8 − z9 + z10 − 2z11 − z12
+ 3z14 − z15 + z16 − z17 + z18 − z19 + z20,
0 = −z1 − z2 + z4 + z6 − z7 − z8 − z9 − z10 + z12 − z13 − z14 + z16 + z18 + z20.
With zi ∈ {0, 1}, theminimumvalue for the right-hand side in the first equation above is−9, obtained
when z3 = z5 = z11 = 1 and three more values from {z1, z4, z6, z7, z9, z12, z15, z17, z19} are equal to
1. From z2i−1 + z2i ≤ 1, we have z4 = z6 = z12 = 0. If any of z1, z7 and z9 is equal to 1, we get v4 < 0.
Thus, it has to be z15 = z17 = z19 = 1, completely describing vector bw in Γ .
Since there are four possibilities that one of the σi’s is equal to 0, while the others are equal to−1,
we conclude that there is a total of four different vectors bw ∈ Γ in this case.
3.3. Case (σ1, σ2, σ3, σ4) = (−1,−1, 0, 0)
Here, each of v1 and v2 has three or four negative pairs. Both of them cannot have four negative
pairs, because they share a single negative pair (z5, z6) (see Fig. 4), and then there would be seven
different variables equal to 1. So, without loss of generality, we can assume that v1 has three negative
pairs. This means
z8 = z10 = z12 = z14 = z16 = z18 = 0. (3)
We focus our attention on the pair (z5, z6). Since z5+ z6 ≤ 1, it is either z5+ z6 = 0 or z5+ z6 = 1.
Suppose that z5 + z6 = 0. Then both v1 and v2 have three negative pairs, so that
z1 + z2 = z3 + z4 = z19 + z20 = 1 z8 = z10 = z12 = z14 = z16 = z18 = 0
z9 + z10 = z11 + z12 = z17 + z18 = 1 z2 = z4 = z8 = z14 = z16 = z20 = 0.
Therefore
z1 = z3 = z9 = z11 = z17 = z19 = 1,
but pi(1, 3, 9, 11, 17, 19) = (−3,−3,−2,−2) 6= (−3,−3, 0, 0)—a contradiction.
Suppose that z5 + z6 = 1. From v3 + v4 = 0 we get
z1 + z3 + 2z7 + (z9 + z11 + z13 + z15) = 2z6 + 2z20. (4)
There are three negative pairs in v1, so the remaining three variables that are equal to 1 are among
those that do not appear in the expression for v1. Then
z7 + z9 + z11 + z13 + z15 + z17 = 3. (5)
From (4) and (5) we get
z1 + z3 + z7 + 3 = 2z6 + z17 + 2z20. (6)
If z6 = 0 (and z5 = 1), then the right-hand side of (6) is at most 3, while the left-hand side is at least
3. Then it has to be z1 = z3 = z7 = 0 and z17 = z20 = 1. From v2 = −3 and the fact that z20 = 1
has positive coefficient in the expression for v2, it follows that v2 has four negative pairs, while the
remaining variables with even indices (except z20) are equal to 0. Therefore z2 = z4 = 0, but then v1
cannot have three negative pairs—a contradiction.
If z6 = 1 (and z5 = 0), from (3) and (v1, v2, v3, v4) = (−3,−3, 0, 0)we get
z1 + z2 + z3 + z4 + z19 + z20 = 2, (7)
z2 + z4 + z20 + 2 = z9 + z11 + z17, (8)
z2 + z20 + 1 = z3 + z4 + z7 + z11 + z15, (9)
z4 + z20 + 1 = z1 + z2 + z7 + z9 + z13. (10)
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Adding (9) and (10), and subtracting (8) gives
z17 + z20 = z1 + z2 + z3 + z4 + 2z7 + z13 + z15. (11)
Since z17 + z20 ≤ 2 and z1 + z2 + z3 + z4 ≥ 1, which follows from (7), it is impossible that z7 = 1.
Thus, z7 = 0. Substituting z1 + z2 + z3 + z4 from (7) in (11), we get
z17 + z19 + 2z20 = 2+ z13 + z15. (12)
If z20 = 0, from (12) it follows that z17 = z19 = 1, z13 = z15 = 0 and z1 + z2 + z3 + z4 = 1. Adding
(9) and (10) we get
z1 + z3 + z9 + z11 = 2. (13)
Since z1 + z3 ≤ 1, it is either z9 + z11 = 2 or z9 + z11 = 1.
If z9 + z11 = 2, then z9 = z11 = 1, z1 = z3 = 0 and z2 + z4 = 1. Since pi(2, 6, 9, 11, 17, 19) =
(−3,−3, 1,−1) and pi(4, 6, 9, 11, 17, 19) = (−3,−3,−1, 1), we get a contradiction in both cases.
If z9+ z11 = 1, then z1+ z3 = 1 and further z2 = z4 = 0. Then there exist only five variables equal
to 1 which is again a contradiction.
If z20 = 1, from (8) we have
z2 + z4 + 3 = z9 + z11 + z17,
so it must be z9 = z11 = z17 = 1, and z2 = z4 = 0. From (12) and z17 = 1, we have z13+ z15 = 1, and
from (7) we have z1 + z3 = 1. Thus, we have seven variables equal to 1—a contradiction.
Therefore, there are no solutions in the case (σ1, σ2, σ3, σ4) = (−1,−1, 0, 0).
3.4. Case (σ1, σ2, σ3, σ4) = (−1, 0, 0, 0)
3.4.1. z20 = 1
Inserting z20 = 1 into v1 = −3 and v2 + v3 + v4 = 0 we get
2(z7 + z8 + z9 + z10 + z11 + z12)+ z13 + z15 + z17 = 2(z2 + z4 + z6)+ 1. (14)
The expression on the right-hand side of (14) is odd, so z13 + z15 + z17 is also odd, and it is either
z13 + z15 + z17 = 3 or z13 + z15 + z17 = 1.
If z13 + z15 + z17 = 3, then z13 = z15 = z17 = 1. From (14) we have
z7 + z8 + z9 + z10 + z11 + z12 + 1 = z2 + z4 + z6.
There are already four variables equal to 1, so
(z7 + z8 + z9 + z10 + z11 + z12)+ (z2 + z4 + z6) ≤ 2.
Then it must be z7 + z8 + z9 + z10 + z11 + z12 = 0 and z2 + z4 + z6 = 1.
From pi(13, 15, 17, 20) = (−1, 0, 0, 0), we can see that v1 can reach value −3 only if two
remaining ones are among z1, . . . , z6. Now, from z2+ z4+ z6 = 1 we get z1+ z3+ z5 = 1. Setting one
of the variables z2, z4 or z6 to 1 changes the parity of v2, v3 and v4 to odd. Since each of the variables
z1, z3 and z5 is involved in only one of the expressions for v2, v3 and v4, none of them alone can change
the parity of all three expressions back to even. Therefore, we have a contradiction.
If z13+ z15+ z17 = 1, wemay assume, without loss of generality, that z13 = 1, z15 = z17 = 0. From
(14) we have
z7 + z8 + z9 + z10 + z11 + z12 = z2 + z4 + z6. (15)
Substituting (15) in v2 + v3 + v4 = 0, we get
z1 + z3 + z5 + z7 + z9 + z11 = 2+ z16 + z18. (16)
Since four variables, except z20 and one of the variables z13, z15 or z17, are equal to 1, we have
(z1 + z3 + z5 + z7 + z9 + z11)+ (z16 + z18) ≤ 4.
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Then from (16) it is obvious that z16 + z18 ≤ 1.
If z16 + z18 = 1 then all variables equal to 1 are found among z1, z3, z5, z7, z9, z11, z16 and z18.
Therefore, z2 = z4 = z6 = z8 = z10 = z12 = 0. Then from (14) we have z7 = z9 = z11 = 0, and so
z1 = z3 = z5 = 1. For z16 = 1 we have pi(1, 3, 5, 13, 16, 20) = (−3, 1,−1, 0), while for z18 = 1 we
have pi(1, 3, 5, 13, 18, 20) = (−3,−1, 1, 0)—a contradiction in both cases.
Therefore, z16 = z18 = 0 and z1+z3+z5+z7+z9+z11 = 2. There are two 1s among the remaining
variables, so z2 + z4 + z6 + z8 + z10 + z12 = 2. Now, from (15) we have
2(z8 + z10 + z12)+ z7 + z9 + z11 = 2. (17)
Then it has to be either z7 + z9 + z11 = 2 or z7 + z9 + z11 = 0.
If z7 + z9 + z11 = 2, from (16) and (17) we have z1 + z3 + z5 = 0, z8 + z10 + z12 = 0 and
z2+ z4+ z6 = 2. If z2 = z4 = 1, then from pi(2, 4, 13, 20) = (−3, 3, 1, 0)we see that v2 cannot reach
value 0 with remaining two 1s, and if z2 = z6 = 1, then from pi(2, 6, 13, 20) = (−3, 1, 3, 0), we see
that v3 cannot reach value 0. Therefore, z2 = 0 and z4 = z6 = 1. Frompi(4, 6, 13, 20) = (−3, 1, 1, 2),
it has to be z7 = z9 = 1 and z11 = 0 in order that v1 = −3, v2 = v3 = v4 = 0. Thus, we get a unique
solution in this case.
If z7+z9+z11 = 0, thenwe similarly conclude z1+z3+z5 = 2, z8+z10+z12 = 1 and z2+z4+z6 = 1.
Two of the variables among z2, z4, z6, z8, z10 and z12 are equal to 1. Each of these variables appears
in the expression for all v1, v2, v3 and v4, so these two variables do not change the parity of values
v1, v2, v3 and v4. Since pi(13, 20) = (−1, 1, 1, 0), the only values for z1, z3 and z5 that change parity
of both v2 and v3 to even are z3 = z5 = 1, z1 = 0. Then we have z4 = z6 = 0, so it must be
z2 = 1. Since pi(2, 3, 5, 8, 13, 20) = (−3, 2, 0,−2), pi(2, 3, 5, 10, 13, 20) = (−3, 0, 2,−2) and
pi(2, 3, 5, 12, 13, 20) = (−3, 0, 0, 0), we see that z12 = 1 and we obtain a unique solution in this
case.
Thus, for our assumption z13 = 1, z15 = z17 = 0 we get two solutions. Since there are three ways
to set one of z13, z15, z17 to 1, we conclude that there is a total of six solutions when z20 = 1.
3.4.2. z20 = 0
From v1 = −3 we have
z1 + z2 + z3 + z4 + z5 + z6 + z19 = 3+ z8 + z10 + z12 + z14 + z16 + z18. (18)
If z8 + z10 + z12 + z14 + z16 + z18 ≥ 2, then from (18)
(z1 + z2 + z3 + z4 + z5 + z6 + z19)+ (z8 + z10 + z12 + z14 + z16 + z18) ≥ 7,
which is a contradiction.
Suppose first that z8 + z10 + z12 + z14 + z16 + z18 = 0. Then z1 + z2 + z3 + z4 + z5 + z6 + z19 = 3
and z7 + z9 + z11 + z13 + z15 + z17 = 3. From v2 + v3 + v4 = 0 we get
z2 + z4 + z6 = z1 + z3 + z5 + 2(z7 + z9 + z11)+ z13 + z15 + z17 ≥ 3,
wherefrom z2 = z4 = z6 = 1 and, consequently, z13 = z15 = z17 = 1, which is the only solution in
this case.
Suppose next that z8 + z10 + z12 + z14 + z16 + z18 = 1. From
z1 + z2 + z3 + z4 + z5 + z6 + z19 = 4, (19)
and z2k−1 + z2k ≤ 1, it follows that z19 = 1. There are six variables equal to 1, so it must be
z7 + z9 + z11 + z13 + z15 + z17 = 1. From v2 + v3 + v4 = 0 we have
z1 + z3 + z5 + 2(z7 + z9 + z11)+ z8 + z10 + z12 + z13 + z15 + z17
= z2 + z4 + z6 + z14 + z16 + z18.
Adding z2 + z4 + z6 + z14 + z16 + z18 to both sides, we get
4+ 2(z7 + z9 + z11)+ z13 + z15 + z17 = 2(z2 + z4 + z6 + z14 + z16 + z18). (20)
Thus, z13 + z15 + z17 is even, and from z13 + z15 + z17 ≤ z7 + z9 + z11 + z13 + z15 + z17 = 1, we get
z13 = z15 = z17 = 0, and z7 + z9 + z11 = 1.
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Neither of z7, z9 and z11 appears, while all of z8, z10 and z12 appear in the expression for v1. Thus,
without loss of generality, we may assume that z7 = 1, z9 = z11 = 0.
Then from (20) z2 + z4 + z6 + z14 + z16 + z18 = 3, and from (19) z1 + z3 + z5 = z14 + z16 + z18.
Also, z14 + z16 + z18 ≤ z8 + z10 + z12 + z14 + z16 + z18 = 1.
If z14 + z16 + z18 = 0, then z1 = z3 = z5 = 0 and from (20) z2 = z4 = z6 = 1.
So far, we have z2 = z4 = z6 = z7 = z19 = 1 and the remaining 1 is found among z10 and z12.
If z10 = 1, then pi(2, 4, 6, 7, 10, 19) = (−3, 0, 1,−1), while if z12 = 1 then pi(2, 4, 6, 7, 12, 19) =
(−3, 0,−1, 1), which is a contradiction in both cases.
If z14 + z16 + z18 = 1, then z1 + z3 + z5 = 1, from (19) we get z2 + z4 + z6 = 2, while from (18)
we get z8 = z10 = z12 = 0.
If (z1, z3, z5) = (1, 0, 0), then (z2, z4, z6) = (0, 1, 1) and pi(1, 4, 6, 7, 19) = (−4, 0,−1, 0).
Variables z14, z16 and z18 appear in each of the expressions for v2 and v4, so setting one of them to
1 makes v2 and v4 odd, which is not possible.
Similar argument holds for (z1, z3, z5) = (0, 1, 0).
Finally, if (z1, z3, z5) = (0, 0, 1), then (z2, z4, z6) = (1, 1, 0) and pi(2, 4, 5, 7, 19) =
(−4, 1,−1,−1). Now it is easy to see from the expressions for v2, v3 and v4 (see also Fig. 4) that
z18 = 1, which is a unique solution under assumption z7 = 1.
Similarly, we get two more solutions if we assume z9 = 1 or z11 = 1.
To conclude, there is a total of four solutions when z20 = 0.
3.5. Case (σ1, σ2, σ3, σ4) = (0, 0, 0, 0)
From v1 + v2 + v3 + v4 = 0 we have
2(z14 + z16 + z18 + z20) = 2(z1 + z3 + z5 + z7 + z9 + z11)+ (z13 + z15 + z17 + z19). (21)
It cannot be z14+ z16+ z18+ z20 = 4, as there would be at least four more variables equal to 1 on the
right-hand side of (21), which is impossible.
3.5.1. z14 + z16 + z18 + z20 = 3
Here, three variables with value 1 are among z14, z16, z18 and z20, while the remaining three
variables with value 1 are among the variables z1, z3, z5, z7, z9 and z11 with coefficient two on the
right-hand side of (21).
If (z14, z16, z18, z20) = (1, 1, 1, 0), then from v1 = 0 we get a solution z1 = z3 = z5 = 1. Similar
argument holds for the remaining three choices of values of (z14, z16, z18, z20), and thus, we get a total
of four different solutions in this case.
3.5.2. z14 + z16 + z18 + z20 = 2
Without loss of generality, assume that z14 = z16 = 1, and z18 = z20 = 0. Then z13 = z15 = 0
from z2k−1 + z2k ≤ 1, while from (21),
4 = 2(z1 + z3 + z5 + z7 + z9 + z11)+ z17 + z19. (22)
The expression on the right-hand side of (22) is even, so either z17 + z19 = 0 or z17 + z19 = 2.
Suppose first that z17 = z19 = 0. Then z1 + z3 + z5 + z7 + z9 + z11 = 2. We have pi(14, 16) =
(2, 2, 0, 0), and for each pair of variables (zi, zj) from the set {z1, z3, z5, z7, z9, z11} there exists a pair
(vk, vl) such that zi appears in vk but not in vl, and zj appears in vl but not in vk. Therefore if zi = zj = 1,
then vk and vl are odd and they cannot be equal to 0—a contradiction.
Suppose next that z17 = z19 = 1. Then from (22) we get
z1 + z3 + z5 + z7 + z9 + z11 = 1, (23)
and the sixth 1 is found among z2, z4, z6, z8, z10 and z12. From v1 + v2 = 0 we have
z1 + z3 + 2z5 + 2z6 + z9 + z11 = 2z8 + 2,
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and from (23) it follows
z5 + 2z6 = z7 + 2z8 + 1. (24)
If z5 = 1 then pi(5, 14, 16, 17, 18) = (0, 0, 0, 0), and setting the sixth variable to 1 makes
(v1, v2, v3, v4) 6= (0, 0, 0, 0). Therefore, z5 = 0. Then from (24) we get 2z8 ≤ 1, i.e., z8 = 0, and
z6 = z7 = 1—a unique solution under assumption z14 = z16 = 1.
Since there are six ways to choose two variables from {z14, z16, z18, z20}, we conclude that there
are six solutions for which z14 + z16 + z18 + z20 = 2.
3.5.3. z14 + z16 + z18 + z20 = 1
We may, without loss of generality, assume that (z14, z16, z18, z20) = (1, 0, 0, 0). From (21) we
have
2 = 2(z1 + z3 + z5 + z7 + z9 + z11)+ z15 + z17 + z19, (25)
so z1 + z3 + z5 + z7 + z9 + z11 ≤ 1.
Suppose that z1+z3+z5+z7+z9+z11 = 0. Then z15+z17+z19 = 2. Sincepi(14) = (1, 1, 1,−1),
and the fact that none of the variables z15, z17 and z19 appears in the expression for v4, while each of
them appears in exactly one of the expressions for v1, v2 and v3, after setting z14 = 1, we can, without
loss of generality, suppose that z15 = z17 = 1, z19 = 0.
The remaining three 1s are found among z2, z4, z6, z8, z10 and z12. Each of them appears in each of
the expressions for v1, v2, v3 and v4, so setting one of them to 1 changes the parity of v1, v2, v3 and v4.
From pi(14, 15, 17) = (1, 0, 0,−1) we see that v1, v2, v3 and v4 cannot be simultaneously equal to
zero.
If z1+ z3+ z5+ z7+ z9+ z11 = 1, then z15 = z17 = z19 = 0. The remaining four 1s that are among
z2, z4, z6, z8, z10 and z12, do not change the parity of v1, v2, v3 and v4. Since pi(14) = (1, 1, 1,−1), this
means that the values of v1, v2, v3 and v4 will be odd after z14 and four values among z2, z4, z6, z8, z10
and z12 are set to 1. Now, since none of z1, z3, z5, z7, z9 and z11 appears in all expressions for v1, v2, v3
and v4, we conclude that the remaining 1 cannot simultaneously change the parity of v1, v2, v3 and
v4, i.e., it will always be (v1, v2, v3, v4) 6= (0, 0, 0, 0).
Thus, there are no solutions when z14 + z16 + z18 + z20 = 1.
3.5.4. z14 + z16 + z18 + z20 = 0
Here z14 = z16 = z18 = z20 = 0 and from (21) it follows that also
z1 = z3 = z5 = z7 = z9 = z11 = z13 = z15 = z17 = z19 = 0.
As there has to be six variables with value 1, we conclude that
z2 = z4 = z6 = z8 = z10 = z12 = 1,
which turns out to be a solution.
3.6. The conclusion
From the discussion contained in Sections 3.1–3.5, we see that there exists a total of
1+ 4 · 1+ 6 · 0+ 4 · (6+ 4)+ (4+ 6+ 0+ 1) = 56
different vectors bw which belong to Γ and which satisfy (2). It is straightforward to check that the
vectors by1 , by2 , by3 , by4 together with these 56 vectors form a clique in Γ , which, when inserted
into the Reconstruction theorem, yields a unique graph that turns out to be strongly regular with
parameters (81, 20, 1, 6). Thus, we can conclude that
Theorem 7. There exists a unique strongly regular graph with parameters (81, 20, 1, 6). 
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